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ffective Mie scattering of a spherical fractal
ggregate and its application in turbid media

iaoyuan Deng, Xiaosong Gan, and Min Gu

An effective Mie-scattering model is developed to deal with the scattering property of a spherical fractal
aggregate consisting of scattering particles. In this model the scattered field of a scattering particle is
given by the classical Mie-scattering theory. On the basis of the Monte Carlo simulation method, we
determine the physical parameters of a scattering aggregate, the scattering efficiency Q, and the anisot-
ropy value g, as well as their dependence on the size and the effective mean-free-path length of a
scattering aggregate. Accordingly, photon migration through a microscope objective focused into a
turbid medium including scattering aggregates is simulated to understand the effect of complex tissue on
image quality. © 2004 Optical Society of America
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ie-scattering theory provides rigorous solutions on
he basis of electromagnetic theory for light scatter-
ng by an isotropic sphere embedded in a homoge-
eous medium.1,2 According to this theory, the
cattering property of a spherical particle can be de-
cribed by two important physical parameters, the
cattering efficiency Q and the anisotropy value g.
he former gives the strength of the scattered field
nd the latter represents the averaged angle of the
cattered field. The Mie-scattering theory provides
n important physical foundation of the Monte Carlo
imulation for optical microscopic imaging through a
issuelike turbid medium consisting of scattering
articles such as cells and nuclei.3–8

However, these small scattering particles are
ometimes aggregated because of their biological and
hemical functions.9,10 A fractal aggregate is a me-
ium with an ensemble of small scattering particles
hat, because of the physical mechanisms of aggrega-
ion, lead to a fractal structure, i.e., a scale-invariant
tructure.11 Optical excitations in fractal aggre-
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ates are substantially different from those in other
edia.12 Scattering by a single fractal aggregate

annot be described by the Mie-scattering theory.1,2

nstead, electromagnetic and Monte Carlo analyses
ave been developed to study the light-scattering be-
avior through a fractal aggregate.13,14 However,
he electromagnetic method is complicated even
hen one aggregate is considered.13 Therefore, for a

omplex turbid tissue medium composed of many
ggregates distributed at different sites,9,10 the elec-
romagnetic method is not practically suited for
arge-scale simulation, whereas in principle it is ap-
licable. In addition, the electromagnetic method
as its limitation in the treatment of only aggregates
f small scatterers. For a complex aggregate model,
.g., a cell, that consists of multiple size scatterers,
he electromagnetic method is not applicable and the
onte Carlo simulation model can treat such a prob-

em appropriately. The existing Monte Carlo anal-
sis also deals only with the backscattering features
f a turbid medium consisting of one single aggre-
ate.14 To deal with scattering in a turbid medium
ade up of multiple-scattering aggregates, it is nec-

ssary to establish a new physical model that gives
ise to the scattering parameters of one aggregate
nder plane-wave illumination.
Our aim in this paper is to present a model of light

cattering by a spherical fractal aggregate. Using
onte Carlo simulation, we calculate the angular

istribution of photons scattered by a spherical frac-
al aggregate consisting of small particles that satisfy
he Mie-scattering theory. On this basis we derive
he dependence of the scattering parameters of the
10 May 2004 � Vol. 43, No. 14 � APPLIED OPTICS 2925
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ggregate, the scattering efficiency Q, and the anisot-
opy value g �the average cosine of the scattering
ngle� on its size and the effective mean-free-path
ength. This method is termed the effective Mie-
cattering �EMS� model with which we predict the
ocal spot in the tissuelike turbid medium made up of
cattering aggregates �Fig. 1�.
Figure 1 shows the schematic diagram of the EMS
odel for a fractal aggregate. A plane wave of wave-

ength � is illuminated on an aggregate for excitation.
o avoid confusion, we clearly defined the terms of a
cattering aggregate and a scattering particle. The
cattering aggregate has an imaginary spherical
hape of diameter D �radius R� and a fractal dimen-
ion of m and consists of spherical scattering particles
f diameter d �radius a� �in Fig. 1 as the dark circles�.
ere 2 � m � 3 gives the fractal degree description

f a fractal aggregate in three-dimensional space and
� 3 represents a homogeneously random medi-

m.14

Because of the structural feature of a fractal me-
ium, the effective mean-free-path length �lm� for an
ggregate is not simply related to the scattering cross
ection ��p� and the volume concentration �Kp� of
cattering particles as that in a homogeneously ran-
om medium �m � 3�, which is well known as l �
�Kp�p. Instead, the effective mean-free-path
ength �lm� for an aggregate as a medium with fractal
tructure has the following expression14:

lm � a�4�m � 2�

Km mQp
�1��m�2�

, (1)

here Km � �N3�ri�	���ri�a�m	 and Qp � �p�
a2 are,
espectively, the volume fraction of the fractal me-
ium and the scattering efficiency of a scattering par-
icle determined by the Mie-scattering theory.2

3�ri� denotes the number of scattering particles in
he homogeneous random medium within a certain
adius ri of an imaginary sphere that is assumed to be
entered at a particle of interest. In addition, the
umber of particles included in an aggregate has a
ertain relationship by the fractal dimension m with
he size �radius R� of the aggregate that centers at the
article of interest, which satisfies the equation
m�R� � �R�ri�

mN3�ri�. This equation can be used
o determine the size of an aggregate in simulation.14

ig. 1. Schematic diagram of the EMS model for an aggregate
onsisting of spherical particles.
926 APPLIED OPTICS � Vol. 43, No. 14 � 10 May 2004
As with any scattering spherical particle, to under-
tand the scattering properties of a spherical aggre-
ate, one needs three physical parameters: the
hase function ����, the scattering cross section �s �or
he scattering efficiency Q�, and the anisotropy value
. A phase function ���� specifies the angular depen-
ence of the photons scattered into a unit solid angle

 oriented at a scattering angle � relative to the
riginal light trajectory. To this end, we first calcu-
ate the angular distributions of scattered photons

s��� and total photons Nt���. Because of the cylin-
rical symmetry, these two distributions are depen-
ent only on the angle �. Therefore the normalized
hase function ���� of an aggregate can be calculated
y

���� �
�Ns����sin �	

�
0

2


d� �
0




�Ns����sin �	d�

. (2)

According to the original definition of the scatter-
ng efficiency Q of a scattering particle in the Mie-
cattering theory, the scattering cross section �s is
he ratio of the power scattered at � and Ws to the
ncident irradiance Ii, i.e., �s � Ws�Ii, and the scat-
ering efficiency Q is the ratio of the scattering cross
ection �s of the particle to its geometric cross section
g, i.e., Q � �s��g. Therefore, for a spherical aggre-
ate of radius R, the scattering efficiency Qa of a
pherical aggregate can be obtained through Qa � �0




s���d���0

 Nt���d�, and the geometric cross section of

n aggregate is �a � 
R2. The average cosine of the
cattering angle � of the scattered light is called the
nisotropy value g and can be calculated by use of the
hase function ����. In our case, the anisotropy
alue ga of an aggregate is given by ga � �0


 Ns���cos
d���0


 Ns���d�.
The scattering cross section �p and the anisotropy

p value of a scattering particle within an aggregate
re determined by Mie-scattering theory,2 and the
ffective mean-free-path length lm of an aggregate
an be calculated with Eq. �1�. Therefore the three
hysical scattering parameters of a spherical aggre-
ate can be calculated with the Monte Carlo simula-
ion method.14 The parameters used in this Monte
arlo simulation are as follows. We use 107 illumi-
ation photons to ensure the accuracy of simulation
esults. It should be pointed out that the relation-
hip between the number of photons needed and the
evel of accuracy depends on the ratio of the effective

ean-free-path length lm to the imaginary size of the
ggregate R. If lm�R becomes smaller, which means
ore scattering events happen inside an aggregate,

hen more photons are needed to guarantee the ac-
uracy, and accordingly more computation time is
equired. It is assumed that the excitation wave-
ength � is 0.4 �m throughout the paper. The diam-
ter of the aggregate D is 5 �m, and the diameter of
he scattering particles that constitute the aggregate
ith a fractal dimension of m � 2.5 is d � 0.2 �m.
he scattering particles have no absorption and are
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polar coordinate system.

F
�
mean-free-path length lm�D.
uspended in air. The refractive index n of the scat-
ering particles is 1.59. For the demonstration of
ur methodology, the choice of the suspended me-
ium of the scattering particles in this paper is air
ather than water, which is close to the refractive
ndex of tissue. However, use of the refractive index
f water instead of air will induce only the change of
he scattering properties of the scattering particles
ithin an aggregate, and such an induced change of

he described parameters of the scattering features of
scattering aggregate is not significant.
The phase function ���� of the EMS model for a

ractal aggregate is demonstrated in Fig. 2 for two
ases of lm � 1.0 and lm � 5.0. As expected, when
he effective mean-free-path length lm becomes larger
the dashed curves in Figs. 2�a� and 2�b�	, the angular
istribution of the phase function becomes narrower
ecause the longer lm means that there are less-
ffective scattering events through the aggregate.
For comparison, the phase function ���� from the

onventional Mie-scattering theory2 for a solid spher-
cal particle of the same size as the aggregate is also
epicted in Fig. 2. A comparison of Mie scattering
nd EMS shows that Mie scattering leads to a mod-
lating dependence of the phase function �Fig. 2�a�	,
hich does not exist in EMS. This difference results
rom the different physical mechanisms involved in

ie scattering and EMS. In the former case, the
hase function is that of the intensity originating
rom the sum of complex amplitudes �waves�, and
hus such a superposition gives rise to the interfer-
nce �modulating� feature. However, in the EMS
odel the phase function is given by the superposi-

ion of photons �see Eq. �2�	. Another feature of the
omparison is that the solid particle results in a
tronger forward-scattering characteristic than that
rom the fractal aggregate of the same size. This
eature is caused by the fact that, within the aggre-
ate, photons are multiply scattered, which gives rise
o a broader angular distribution and stronger back-
cattering �Fig. 2�b�	.
The dependence of the scattering efficiency Qa and

he anisotropy value ga of an aggregate on the nor-
alized aggregate size D�� is demonstrated in Fig.

�a�. It can be seen that as D�� becomes larger, the
cattering efficiency Qa and the anisotropy value ga
ecome large and small, respectively. This behavior
s different from that predicted from the Mie-
cattering theory �see the dashed curves in Fig. 3�a�	
ut understood because the number of the scattering
vents increases as the aggregate size becomes large.
n addition, the dependence of the scattering effi-
iency Qa and the anisotropy value ga in EMS does
ot show the modulating nature, which is consistent
ig. 2. Phase functions ���� of an aggregate based on the effective
ie-scattering model �lm � 1.0 and lm � 5.0 �m� and the phase

unction ���� based on Mie scattering: �a� logarithmic scale, �b�
ig. 3. Scattering efficiency Qa �left axes� and anisotropy ga value
right axes� of an aggregate as a function of its size �a� D�� and �b�
10 May 2004 � Vol. 43, No. 14 � APPLIED OPTICS 2927
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ith the superposition principle of photons shown in
ig. 2.
The effect of the normalized mean-free-path-length

m�D on the scattering efficiency Qa and the anisot-
opy value ga is demonstrated in Fig. 3�b�. As ex-
ected, when lm�D increases, i.e., when either lm
ncreases or D decreases, the scattering efficiency Qa
nd the anisotropy value ga decreases and increases,
espectively, because of the increased number of the
cattering events within the aggregate.
The significance of the scattering efficiency Qa and

he anisotropy value ga derived from the EMS model
s that they allow for the Monte Carlo simulation6–8

f photon migration through a complex turbid me-
ium made up of a large number of aggregates. In
his case, the aggregate with the known scattering
fficiency Qa and the anisotropy value ga and the
eometric size of radius R can be treated as a normal
cattering particle. Also, Monte Carlo simulation
an be implemented in this medium consisting of
uch aggregates is those considered in our previous
tudy6–8 as long as the aggregates are distributed in
he medium randomly and the volume concentration
s known, which means that the simple mean-free-
ath length l rather than lm is used. To demon-
trate this, we simulate the focusing feature of an
bjective through such a complex turbid medium us-
ng these two parameters. Figure 4 shows the log-
rithmic representation of the focal spot of an
bjective as a function of the focal depth fd in a ho-
ogeneous turbid medium of fractal aggregates.
ere fd is the distance between the surface of the

urbid medium to the focal plane of the objective
ithin the medium and r is the radial distance in the

ocal plane. It can be seen from Fig. 4 that, as the
ocal depth fd increases, the narrow central peak dis-
ppears and the focal spot becomes broad, which
eans that the ballistic or snake photons around the

ocus decrease and that the scattering photons that
eviate from the center path increase. Figure 4 im-

ig. 4. Logarithmic representation of the excitation profiles �i.e.,
he focal spots� of an objective �numerical aperture of 0.25� in a
omogeneously random medium consisting of fractal aggregates
ith a concentration of 0.002��m3. The incident photon number

s 107.
928 APPLIED OPTICS � Vol. 43, No. 14 � 10 May 2004
lies that image quality, such as image resolution
nd signal level,6–8 of an object embedded in an
ggregate-distributed turbid medium can be studied
n the future.

In conclusion, an EMS model has been established
or the investigation into a fractal aggregate as a
ingle scatterer. According to the Monte Carlo sim-
lation method, the scattering parameters of a spher-

cal aggregate, the scattering efficiency Qa, and the
nisotropy ga value have been derived to reveal their
ependence on the physical size D and the effective
ean-free-path length lm of the aggregate. The
odel established here can be extended to analyze

ggregates composed of particles of different sizes.15

onsequently the mechanism for microscopic imag-
ng through complex tissue media of aggregates9,10

an be explored.

We thank the Australian Research Council for its
upport and Lu Qiang for valuable discussions.
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